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ABSTRACT

Real-time control of non-minimum phase systems is limited on embedded platforms by the cost of online optimization and weak
guarantees under model mismatch. Adaptive schemes remove the optimization, but their guarantees rest on persistent excitation
(PE) — a condition that regulation to a fixed setpoint structurally destroys, restorable only by probing that conflicts with the control
objective. We propose a Lipschitz-continuous adaptive architecture using recursive least squares to update Kolmogorov-Arnold
networks for interpretable control of control-affine systems with a left-invertible input map, and establish that its guarantee car-
ries no PE requirement: the damping closing the Lyapunov argument comes from a covariance bound the update law enforces at
every step, not from excitation of the regressor, so bounded tracking survives loss of excitation. The analysis certifies input-to-state
stability to the lumped approximation-and-disturbance error and uniform ultimate boundedness over the entire physically realiz-
able operating envelope. The guarantee is exercised, not merely compatible: on the quadruple-tank benchmark the feature Gram
holds numerical rank seven of ten, so excitation is measurably absent. Over a 50-seed Monte-Carlo under adversarial parameter
drift, the controller improves on the aggregate tracking of LTV-MPC while matching a radial-basis-function adaptive baseline, at
roughly half the per-step cost, on a branch-free evaluation with an a priori worst-case bound, while conceding a 1.6-3.6X actuator-
total-variation advantage to the optimizer. Because the distilled basis is frozen offline and only its linear coefficients adapt, the
deployed law is always an explicit low-degree polynomial, inspectable from its current coefficients — suiting resource-constrained

embedded platforms.

1 | Introduction

Model predictive control (MPC) and robust control strategies
have demonstrated exceptional performance in numerical bench-
marks, displaying extraordinary resilience and disturbance rejec-
tion [1]. These results have extensively validated the theoreti-
cal stability guarantees established in foundational works [2, 3].
However, the computational requirements for such optimization-
based techniques have impeded their widespread deployment in
industrial plants. Despite evolution in quadratic program (QP)
solvers [4] and the democratization of convex optimization tools
[5, 6], a stalemate has emerged: industrial sectors remain reliant
on PID control, largely unable to adopt MPC due to the hard-
ware requirements of online optimization. Thus, a need for a
computationally efficient nonlinear controller persists.

Adaptive control is the classical answer to that need, and it ex-
changes the optimization for a different prerequisite. Guarantees
for online function-approximation schemes are conventionally
stated under persistent excitation (PE), which is what makes
the parameter error converge and the certificate close. Regula-
tion, however, is precisely the operating regime that destroys
PE: driving a plant to a fixed setpoint and holding it there col-
lapses the regressor onto a low-dimensional subspace, and the
excitation can be restored only by injecting probing signals that
work against the control objective. A guarantee contingent on PE
is therefore weakest exactly where a process controller spends
nearly all of its service life. The central theoretical claim of this
work (Corollary 2) is that the proposed architecture needs no such
contingency: its closed-loop boundedness certificate contains no
PE hypothesis, because the damping that closes the Lyapunov
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argument is enforced by the update law — through a projected
covariance bound — rather than drawn from the trajectory. The
benchmark reported here is not a favourable case for this claim
but an adverse one: the feature Gram retains numerical rank
seven of ten, so excitation is measurably absent and the PE-free
argument is load-bearing rather than decorative.

Recent data-driven approaches have sought to replace
resource-intensive online optimization with learnable architec-
tures. While methods like SINDYc [7] improve interpretability
through sparse identification, the broader adoption of neural
control has been stifled by the intractable structure and unin-
terpretable nature of standard multi-layer perceptrons (MLPs)
[8]. By contrast, Kolmogorov-Arnold networks (KANs) provide
an alternative: by utilizing the Kolmogorov-Arnold theorem of
universal function approximation [9, 10], KANs are capable of
providing a tractable symbolic structure, possessing faster scaling
laws than MLPs [11]. As a result, KANs enabled research on inter-
pretable neural network-based system identification and control
[12,13].

In previous work [14], the feasibility of deploying static KANs
for feedback control was established: the distilled law admits a
forensic audit of its own output and is structurally simple enough
to inspect term by term. That work also delimits what distilla-
tion costs. The symbolic read-out is itself a dominant error source
— an off-the-shelf extraction inflates a 4.4% imitation error to
11.0% of the actuator range in the non-minimum-phase regime
— and is recovered only by re-estimating the coefficients on the
KAN-selected support by convex least squares; on a matched
term budget that support is moreover statistically indistinguish-
able from one chosen by sparse regression. What the symbolic
step is credited with there is constant-time execution and au-
ditability, not superior accuracy. The present work inherits that
reading rather than a fidelity claim. What it addresses instead is
that the earlier process relied on offline training, leaving the con-
troller vulnerable to unmodeled dynamics and parameter drift
once deployed.

Online function-approximation adaptive control is a mature
paradigm: radial-basis-function (RBF) networks [15] and feedfor-
ward neural networks [16, 17] have long been used as in-loop
regressors whose weights adapt online, with Lyapunov-based
boundedness guarantees rooted in classical robust adaptive con-
trol [18, 19, 20, 21]. The distinction between the proposed con-
troller and this paradigm is not adaptation per se but the form of
the regressor: where RBF/MLP schemes adapt a black-box basis,
the proposed controller adapts the linear weights of an inter-
pretable, symbolically distilled KAN basis using recursive least
squares (RLS) [22], retaining the auditability of the static KAN
control law while recovering robustness to drift. This positions
the contribution between black-box neural-adaptive control and
sparse-identification approaches such as SINDYc [7].

In this article, the Lipschitz-continuous adaptive RLS-KAN
(LCA-RLS-KAN) is proposed. The contributions of this paper are
fourfold: first, RLS is introduced as an update law for the KAN-
distilled polynomials that operates online; second, a Lyapunov-
based theorem establishing input-to-state stability (ISS) and uni-
form ultimate boundedness (UUB) of the tracking and weight
errors over the entire physically realizable operating envelope,
with the (separately, a priori bounded) integral state handled via
a leaky integrator confined to an explicit band, is provided, to-
gether with a corollary quantifying practical tracking accuracy

in the ideal case; third, and centrally, that certificate is shown to
be free of any persistent-excitation requirement (Corollary 2) —
boundedness is inherited from a covariance bound the update law
enforces by projection, so the guarantee holds in the unexcited
single-setpoint regime where parameter identification provably
fails, and the reported benchmark is verified to be such a regime;
fourth, a 50-seed Monte-Carlo study on a high-fidelity quadruple-
tank benchmark — conducted against a reachable reference and
an LTV-MPC given a horizon that spans the plant’s inverse re-
sponse, so that the baseline is not handicapped — shows that
the controller improves on LTV-MPC in aggregate tracking while
matching a black-box RBF adaptive baseline, at roughly half
the per-step cost of either MPC configuration, on a worst-case-
bounded, branch-free evaluation, while conceding a 1.6-3.6x
actuator-total-variation advantage to the optimizer. Against the
RBF baseline, which shares the identical adaptation harness, con-
trol performance is statistically indistinguishable, so the distilled
basis is credited with interpretability rather than with tracking or
smoothness.

2 | Related Work

Function-approximation adaptive control. The closest method-
ological relatives adapt an in-loop function approximator online
under a Lyapunov boundedness guarantee: RBF networks [15]
and feedforward/recurrent neural networks for robotic and non-
linear systems [16, 17]. These supply an uninterpretable regressor
whose internal units carry no physical meaning. The proposed
method retains the adaptive-update machinery of this lineage
but replaces the regressor with an interpretable, symbolically
distilled KAN basis; the controlled RBF baseline of Sec. 5.2 is pre-
cisely a representative of this class, so that comparison isolates
the effect of the basis itself.

Robust and adaptive control foundations. The robustification
employed here — exponential forgetting with bounded-gain co-
variance handling [23], an optional o-modification (Sec. 4.7),
and leakage or anti-windup on the integral state — is classical
[18, 19, 20, 21, 24]. Input-to-state stability [25, 26] is the property
certified in Sec. 4.6.

Learning-based and approximate MPC. A parallel line re-
places online optimization with a learned surrogate of an MPC
policy, typically an MLP [8], or identifies sparse governing dy-
namics for control [7]. Such surrogates inherit the opacity of their
underlying networks. Distillation into a symbolic law (Sec. 4.4) in-
stead yields an inspectable controller; the present contribution is
to make that distilled law adaptive and to equip it with a stability
certificate.

Kolmogorov-Arnold networks and neuro-symbolic control.
KANSs [11], grounded in the Kolmogorov-Arnold representation
theorem [9, 10], have recently been applied to interpretable sys-
tem identification [12] and constrained control [13]. This work
exploits their distillability as the route to a symbolic, online-
adaptive control law.

The quadruple-tank benchmark. Johansson’s process [27] is a
standard multivariable, adjustable-zero, NMP testbed [28], stud-
ied under model-based [29] and distributed/decentralized MPC
[30]; it is used here as a representative instance of the control-
affine class of Sec. 3.1. Table 1 positions these approaches on the
axes that matter for embedded deployment.
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TABLE 1 | Positioning relative to representative control approaches.
V. yes; ~: partial; X: no.

Approach Online Interp. Stability Determ.
adapt. law cert. per step
LTV / nonlinear MPC ~ X v X
Approximate MPC (MLP) [8] X X ~ v
RBF/MLP adaptive [15, 17] v X v v
SINDYc [7] X v/ ~ v/
Static symbolic KAN [14] X v ~ v
LCA-RLS-KAN (ours) v v v v

TABLE 2 | Notation used in the stability analysis.

Symbol Meaning

x plant state (here, tank levels h; ,)
tracking error

e, 6* estimated / ideal linear KAN weights

6=06-06* weight estimation error

d, d* integral state / unknown constant bias

d=d-d* integral-state error (bounded a priori by con-
struction)

¢=[eT8T]T composite state vector

Dpan(x) distilled nonlinear regressor vector

d(x) lumped bounded disturbance (see text)

3 | Problem Formulation

3.1 | System Class and Notation

The controller is developed for the class of control-affine multi-
variable systems

x = f(x) +Bu, xeR", ueR™ 1)
where f : Q — R”" is continuous on a compact operating set
Q C R" and B € R™™ has full column rank (left-invertible), so
that the left pseudoinverse B* = (BTB)~'BT satisfies B*B = I.
The plant may be NMP and may be underactuated (m < n);
the residual r,, := (BB' — I)(-) arising from underactuation
is treated as a bounded disturbance (Lemma 1). The control ob-
jective is tracking of a feasible, bounded reference x,¢(t) with
bounded X,.¢(t), with all internal signals remaining bounded un-
der non-vanishing model mismatch. The quadruple-tank process
of Sec. 3.2 is a representative instance of (1).

Throughout, || - || is the Euclidean norm and || - ||, the
essential-supremum norm; for M = MT > 0, Ain(M), Anax(M)
denote its extreme eigenvalues and ||v||§4 := v'Muv. The error
variables used in the analysis are summarized in Table 2. The Lya-
punov analysis (Sec. 4.6) is conducted over the composite state
¢ =[e” 87 ]"; the integral-state error d is tracked separately and
bounded directly by construction (Lemma 2) rather than through

c.

3.2 | Benchmark Instance: Quadruple-Tank Process

To compare the controllers, Johansson’s quadruple-tank process
is used — a nonlinear multivariable benchmark consisting of

Pump 1 CA

\ |
\ |

FIGURE 1 | Quadruple-tank process. Four interconnected tanks
driven by two pumps; each pump i splits its flow by valve ratio y; between
alower tank and the diagonally opposite upper tank, producing the strong
cross-coupling and, for 0 < y; + y, < 1, the non-minimum-phase zero.

four interconnected liquid tanks and two control inputs, exhibit-
ing strong cross-coupling and NMP behavior [27]. It is an in-
stance of (1) with n = 4, m = 2, and has since become a
standard benchmark for multivariable, decentralized, and dis-
tributed control design [29, 30]. The process can be configured to
minimum-phase or NMP regimes, enabling a controlled assess-
ment of performance degradation and robustness challenges in
adversarial control settings [27, 28].
The quadruple-tank model follows these equations [27]:

dhy as 71K

W = _A_l 2gh1 + A_l 2gl’l3 + Al U

dh k

= A, A,V A, @
dhs _ a5 oy o1k

dt A, Ve A, 2

dh,  a, A —rdk

W = _A_4 2gh4 + A—4u1

In (2), tank and outlet cross-sectional areas A =
[28,32,28,32], a = [0.071,0.057,0.071,0.057] are in cm?;
levels h; (cm), pump voltages u; (V), pump gains k; = 3.14,k, =
3.29 (cm?/Vs), valve ratios are y; = 043,y, = 0.34, and
g =981 cm/s’. The plant schematic is shown in Fig. 1.

3.3 | Control Objective

The plant configuration follows Johansson’s NMP setup, de-
scribed in [27]. The reference is not free to choose componen-
twise. With two pumps the plant has a two-dimensional equi-
librium manifold: fixing the directly actuated pair (hy, h,) de-
termines the steady inputs, and through them the upper levels
(h3, hy), uniquely. Commanding h; = h, = 10 cm therefore

forces »
= 71ke A =72k, a;v/2ghy 3)
1 -yDk 72k, az\/@ '

with hy = (L=y,)kiho/as) /2gand by = (1= ki /a,) /2,
giving 4 ~ [2.61,2.95]T V and h; = 4.16, h, = 3.44 cm. The
target state is accordingly set to [10.0,10.0,4.16, 3.44], which lies
on the manifold: no admissible input holds a reference off it, so

30f18



an off-manifold target would make the upper-tank error metrics
measure distance to an unreachable point rather than a con-
trol deficiency. Assumption 2 is thus satisfied by construction
at nominal parameters, and the drift schedule below — which
moves the manifold — is what makes the reference only approxi-
mately attainable thereafter. In addition to the challenge of NMP
control, all controllers are subjected to structured adversarial per-
turbations: slow parametric drift of valve coefficients (modeling
wear and aging), step-wise parameter deviations, and bounded
external disturbances. These perturbations are non-vanishing,
bounded and positioned outside of the nominal modeling as-
sumptions typically required for LTV-MPC stability guarantees,
while remaining physically plausible in industrial fluid systems.
All perturbations are applied identically to all control systems,
with no controller-specific tuning or compensation.

Performance is assessed over a 50-seed Monte-Carlo cam-
paign (Sec. 5): each seed draws independent process- and
measurement-noise realizations under an identical adversarial
schedule,

» coefficient y, of the first pump degrades at a constant rate of
—0.0011/s;

» coefficient y, of the second pump undergoes a step-wise 20%
drop att = 25s.

A separate single-realization stress test (Sec. 5) additionally
injects a 2.0 cm step disturbance into tank 2 at t = 30's, on top of
the drift schedule, to expose cross-coupled recovery under model
mismatch.

4 | Controller Design & Stability Analysis

4.1 |
tation

Preliminaries: Kolmogorov-Arnold Represen-

The architecture rests on the Kolmogorov-Arnold representation
theorem [9, 10]: any continuous g : [0,1]" — R admits the finite
superposition

gx)=> @

q=0

{ Z $a0(p)): @

with continuous univariate inner and outer functions ¢, ,, ®,.
A KAN [11] parameterizes these univariate maps as learnable
splines placed on the network edges, while nodes perform sum-
mation; this is the structural dual of an MLP, in which fixed
nonlinearities sit on nodes and learnable weights on edges. Af-
ter offline training on input-output data of the plant nonlinearity,
the trained univariate maps are distilled into a fixed, finite dic-
tionary of basis functions, collected in the regressor @y n(-), so
that the control-relevant nonlinearity of (1) is represented as a
linear-in-parameters model,

f() = Ogan(x)"0* +e(x), (5)
where 8* are the (unknown, constant) ideal weights and ¢ is
the residual approximation error. Only the linear weights 8 are
adapted online; the distilled basis is frozen. For the quadruple-
tank instance, the inputs to ®g,y are the measured/estimated

tank levels and the regressor reproduces the square-root outflow
and cross-coupling terms of (2); the distilled law for u,; reduces to
the explicit algebraic form reported in Sec. 4.5.1.

Proposition 1 (Regularity of the distilled basis). The distilled
regressor Py ay Q — RP is C* and, on the compact oper-
ating set Q, both bounded and Lipschitz: the constants @, :=
SUpP,co 1Pxan()Il and Ly = sup,.q [10Pxan/0x|| are finite,
and ||Pgan(x) — PxanWIl < Lollx — y|| V x,y € Q. For
the quadruple-tank instance p = 10: seven affine state/error fea-
tures, two quadratic NMP-coupling features, and a bias term, as
instantiated in (14)-(15).

Proof. By the symbolic distillation (14)-(15), every component
of @y, is either an affine function of the normalized features,
the square of an affine function (the quadratic NMP-coupling
terms), or a constant; hence each is a multivariate polynomial of
degree at most two and @y, € C®(R",RP). Input normaliza-
tion confines the operating envelope to the compact box Q, on
which the continuous map @y, attains its supremum (Weier-
strass), so ®,,,, < oo. The Jacobian d®g,\/dx is affine, hence
continuous and bounded on Q; since the box Q is convex, the
mean-value inequality gives the stated Lipschitz bound with L <
o0. Boundedness therefore needs no separate enforcement in im-
plementation: it is a property of evaluating a fixed polynomial
dictionary on a compact domain. O

Proposition 2 (Boundedness of ideal weights). Define ideal
weights as L*>(Q) projection of the plant nonlinearity onto the frozen
basis,
L. : _ T

0% :=arg Inin ”f Dy an (6)
which makes precise the ideal weights of (5) and pinse = f —
<IJ£AN6* as the L?(Q)-orthogonal residual — the model error that
no choice of weights can cancel. Let the distilled features be linearly
independent on Q, equivalently A,;,(G) > 0 for the Gram matrix

= /5 ¢KAN<D£AN dx. Then 6* is unique and bounded:

2(Q)’

6* = G-! / Dyan f A%,
Q

Doy sUp, | 119
Amin(G)

For the vector plant the bound applies to each output channel, all
sharing the Gram G.

(7
19711 <

= Omax-

Proof. The quadratic objective (6) has normal equations G68* =
Jo PxanS dx. Under A,;,(G) > 0 the symmetric Gram G is posi-
tive definite, so the minimizer 6* = G~ f, ®xnf dx is unique
and ¢ is L%(Q)-orthogonal to the basis. Hence

E ||G*1||2H / @KANfdxH

8
B supg 7112 O

lmin(G)

s

< f bl 1] dx

using ||G7Y||l, = Amin(G)™!, boundedness of f (f continuous on
the compact Q, plant class (1)), and ®,,,, < oo (Proposition 1).
The hypothesis is a pure conditioning requirement: were ||6*||
unbounded the normal equations would force 4,;,(G) = 0, i.e.
a nonzero v with fj |CI>£ANU|2dx = 0 and hence a linear de-
pendence CI>K ANV = 0 among the features — contradicting their
independence. O
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Remark 1. Reading the weight bound off the distilled law. In
practice the constant is read directly off the frozen distilled co-
efficients: ||0*|] &~ 13.7 for the primary channel (23.8 for the
secondary), so 6, & 23.8 — mirroring how the integral bound
d is read off logged data (Lemma 2). The bound is on the ideal
weights 8* of (6), which are constant by construction; it is not a
bound on the running estimate 8(t), whose excursion from 6* is
the weight error 6 confined by the residual set (37) rather than
by Omax- The conditioning A,,;,(G) > 0 holds on the reference-
varying distillation set of Algorithm 1, where the empirical Gram
Gy = % 2 Pran(€)Pxan(€)" is full rank. At a single regula-
tion setpoint, by contrast, the error features collapse onto the
level features (x5 = ¢; — X;, X; = €3 — X3, Xg = €4 — X,) and
Gy drops to rank seven, so PE (persistent excitation) is lost —
precisely the regime in which the covariance bounding of the
RLS gain (Assumption 3) and Corollary 2 operate. The same
feature-conditioning A, thus wears two hats: bounded below
on the distillation set it makes 6* well-posed, while its degener-
acy at the operating point is what renders the covariance bound
of Assumption 3 load-bearing rather than decorative.

4.2 | Standing Conditions

The following conditions are used; each is referenced at the point
of use.

Assumption 1 (Input map). B has full column rank at the
operating point, so B¥B = I.

Lemma 1 (Lumped disturbance bound). The lumped distur-
bance 5(t) 2 &,(x) + rya(t) + Brgew(t) + ru(t), collecting
the time-varying approximation error, the underactuation resid-
ual, the actuation-realization residual of Sec. 4.5.1, and the state-
estimation residual, is uniformly bounded, § € L. The constant
component of the approximation error € is denoted d*, with ||d*|| <

dmax .

Proof. Each of the four components is bounded on the compact
set Q. (i) The approximation error ¢ = f — @;ANQ* is continuous
on Q — f is continuous on the compact Q (plant class (1)) and
Py an is bounded (Proposition 1) and 6* bounded (Proposition 2)
— hence bounded, so its time-varying part €, = ¢—d* is bounded.
(ii) The underactuation residual r,, = (BB* —I)(-) is a fixed pro-
jector applied to bounded arguments on Q, hence bounded. (iii)
The actuation residual B ry,, is bounded: the applied command
(12) and the adaptation target (13) are confined to the pump range
[0, Umax ] by saturation, and the bounded-gain RLS driven by that
saturated target keeps 6 — hence the design command (11) —
bounded on the compact Q. (iv) The estimation residual r; is
Lipschitz in the estimation error e,, which is uniformly bounded
by the regional estimator ISS of Lemma 3 below; that lemma rests
only on Assumption 4 and is independent of , so citing it here in-
troduces no circularity. Aggregating the four finite bounds gives
del. O

Assumption 2 (Reference). X, X,; are feasible and bounded,
so that Q is compact and forward-invariant under the closed loop.

Assumption 3 (Bounded gain matrix). The RLS gain I'(¢) is kept
uniformly bounded and uniformly positive definite, 0 < Yl <
T(t) = ¥mal. This is enforced in implementation by project-

ing the updated covariance onto the band at every adaptation

step (Sec. 4.5.2); exponential forgetting alone does not supply
the upper bound, since in unexcited directions no information
contraction opposes the 1/2 inflation of (20).

Assumption 4 (Estimator regularity). The joint unscented
Kalman filter (UKF) estimator state xygs = [h{ , ¥{,]" obeys
the augmented dynamics Xygr = F(xygp, u) +G,w +G,y, where
F stacks the level dynamics (2) with the random-walk parame-
ter model (7 = 0 nominally), G,7 injects the true valve drift as
an exogenous signal, and the measurement is linear in the lev-
els,y = Cxygp + v with C = [I; 04y, |: all four tank levels are
sensed, while the valve ratios y; , are unmeasured, so the sensor
block does not act on the y-block. Let F,.(¢) := fol O T’ Rukr +
se,,u)ds be the averaged state-Jacobian along the estimation er-
ror e, := Xygr — Xuxr and O(z, t) the state-transition matrix it
generates. On the compact envelope Q X U (states X admissible
inputs):
(i) (Covariance sandwich) the filter covariance P, is uniformly
bounded and positive definite, pI < P,(t) < pI with

p, p > 0 (empirically p ~ 4.7x 1073, p ~ 9.6 X 1072 over the
benchmark runs, i.e. cond(P,) < 20);

(ii) (Uniform observability) the pair (F,(t),C) is uniformly
completely observable alongr every admissible trajectory:
IT,a,& > Owith al < [ ©7(z,t)CTR,'CO(7,t)dr <
al, where R, > 0 is the measurement covariance;

(iii) (Bounded slopes and curvature) ||[F,(t)]] < a and
sup, ||8%F|| < H < oo, both finite because F is smooth on
the compact Q (the only nonsmooth candidate, a;\/ﬁ stays
bounded since the tanks never drain to h = 0);

(iv) (Rate-bounded drift) [[7(¢)|| < ¥, for a.e. ¢, off a finite set of
jump instants.

Condition (ii) is the structural crux: although C = [I, 04, ]
reads all four levels, it cannot see y directly, so the valve ratios are
observable only through the multiplicative input channel B(y)u.
At the equilibrium operating point & = [10,10,4.16,3.44]7, 7 =
[0.43,0.34]" with the steady holding input @ ~ [2.61,2.95]" V of
(3), the discrete observability matrix of (F,,C) has full column
rank 6 (smallest singular value o, ~ 4.9 X 107%), but collapses
to rank 4 at u = 0, losing exactly the two y-coordinates. Sensing
all four levels rather than the (h,, h,) pair of Johansson’s default
keeps this recovery well-conditioned — y, enters both h; and
hy, v, both h, and h;, so each ratio is carried by two measured
channels. Hence (ii) holds precisely when the inputs persistently
excite that channel.

4.3 | LTV-MPC Design

Linear Time-Varying MPC (LTV-MPC) re-solves at each control
step (dt = 0.003s), re-linearizing about the current state esti-
mate X;, but discretizes its prediction model at the coarser step
At, = 4s so that the N = 30 horizon spans NA¢, = 120s. This
decoupling is deliberate, and the horizon is set by the plant rather
than by convenience: the dominant tank time constants are 50-
70s and the non-minimum-phase transmission zero has a time
constant of roughly 69, so the horizon must span the inverse re-
sponse. A horizon discretized at the 3 ms control step (N dt =
90 ms) is myopic by orders of magnitude, and even a 3s horizon
remains short enough that the controller moves in the wrong
direction on this plant, drifting steadily away from a reachable
equilibrium [14]. The baseline is therefore given a horizon that
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comfortably exceeds the inverse-response time constant, so that
the comparisons of Sec. 5 are not measuring an artificially handi-
capped MPC. Linearizing (2) about the operating point gives the
affine model X = Ax + Bu + dy,, where dj;, is the linearization
offset, the state Jacobian is

a a
Sy i 0 &L /8 0
AV 2 AV 2hy
a a,
o iV RV
A= 2 2 a z 2 4 s (9)
0 0 = /= 0
AV 2n
a
0 0 0 L /8
A, N 2n,

and the input matrix, following Johansson [27], is

nik 0

Ay
0 r2ka
B = 42 (10)
- 0 A=r2)k; |°

Ay

A=yDk, 0
Ay

which has full column rank at the NMP operating point
(Assumption 1). Cost weighting follows standard state-input
scaling guidelines [2, 3], with the QP solved by OSQP [4]: pre-
diction horizon N = 30, Q = diag([40,40,5,5]), and R =
diag([0.001,0.001]). Horizon, cost weights, and constraints are
identical across all runs, with no preemptive tuning.

4.4 | Offline KAN Distillation

The regressor &g,y of (5) is obtained offline by distilling the
LTV-MPC policy of Sec. 4.3 into a fixed symbolic basis [14]. The
procedure (Algorithm 1) has three stages. First, the LTV-MPC is
rolled out across the operating envelope and reference set, produc-
ing a labeled dataset D = {(&;,u}"")} of normalized state/error
features ¢ and optimal commands. Second, a KAN with learn-
able B-spline activations on its edges is trained to imitate the
policy, ming Y}, [KANg(;) — u}*C||2. Third, each learned uni-
variate spline is replaced by its best-fit symbolic primitive and
the network is composed and simplified, yielding a finite basis
Dpan(é) € RP (p = 10). Following Salkimbayev [14], the sym-
bolic step is taken to supply the support only: the coefficients
6* are then re-estimated on that fixed support by convex least
squares against the teacher, rather than read off the symbolic com-
position directly. Two properties motivate this. The read-out is
otherwise a dominant error source in its own right, and — be-
cause the law is linear in 8 — the elementary negative-feedback
requirement that raising a level must not raise the pump filling
it, 6uj/6hj < 0, is a set of affine inequalities in 6 and can be im-
posed inside the same convex program on a dense sample of Q.
On the present support the unconstrained read-out violates that
requirement on 17.9% of the operating box, and enforcing it costs
0.11 percentage points of open-loop accuracy; the coefficients in
(14)-(15) are the constrained solution. The basis is then frozen;
only 0 adapts online (Sec. 4.5.2). Distillation converts the itera-
tive QP into a constant-time symbolic evaluation, at an imitation
loss that is not negligible and that Salkimbayev [14] quantifies
rather than assumes; the present contribution makes this frozen-
basis controller adaptive and equips it with the stability certificate

Algorithm 1 Offline KAN distillation of the LTV-MPC policy

Require: operating set Q, reference set R, LTV-MPC
policy mypc, KAN architecture

Ensure: frozen basis ®g,y, initial weights 6*

1: D« ﬂ

2: for sampled (X,X,) € QX R do

3: § « NORMALIZE(X, Xper); U < Typc(X, Xper)

4: D« DU, u)}

5: end for

6: train KAN B-spline edges ©: ming ), [[KANg(§) -
ull?

7: @gan < SYMBOLICEXTRACT(®) > spline—primitive;
compose; simplify: support only

8: 0% « argming 3 || Pxan(8) 6—u/Upul* s.t. Ou;/0h; <
0 on Q

9: freeze Py

> convex re-estimation
> only O adapts online
10: return ®y,y, O0F

of Sec. 4.6. Online adaptation of 6 is in this light not only a re-
sponse to drift but also the mechanism by which a fixed read-out
error is absorbed after deployment, since any static mismatch be-
tween CI:{AN@* and the teacher policy lies in the span of the basis
and is therefore correctable by the weights. The symbolic law is
extracted on normalized inputs and rescaled to physical units at
deployment, which ensures benchmark fairness and underlies
the regressor bound ®,,,, of Proposition 1.

4.5 | Controller Design

4.5.1 | Structure of LCA-RLS-KAN

The controller is specified in a design form, in which the error dy-
namics and the Lyapunov analysis of Sec. 4.6 are conducted, and
an implemented form, which the online loop actually evaluates.
The design form combines the feedforward/adaptive law with the
proportional-integral (PI) law,
g (0) = B (s = @[ p 6 ~K e —d(©). (1)

where B* is the left pseudoinverse of B (Assumption 1; B € R*?
has full column rank at the NMP operating point), X, is the
feedforward term, <IJ£AN6A cancels the learned nonlinearity (5),
K = Kp + K| is the total proportional gain (proportional gain K,
plus the Lipschitz-shaping gain K; := (K} /ena,)1, see Sec. 4.5.2),
and d(¢)is the integral state with dynamics (21). The sign of the re-
gressor and integral terms in (11) is the cancellation sign required
by the error dynamics (27).

The implemented form evaluates (11) composed. Every static
term in (11) is affine in the distilled feature dictionary of Sec. 4.4
— B* is a fixed matrix, X, is constant for the regulation task, and
Ke is affine in the level and error features — so the static part of
the composed law lies in the span of ®g,y, and the command
applied to the plant is a single saturated dot product per pump,

u(tk) = Sat[O,umax](umax[ é{¢k’ é2T¢k ]T)’ (12)

where @, = Dgan(&y) is the regressor evaluated on the normal-
ized features, u,,, = 12 V is the command denormalization
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scale, and the saturation confines the command to the physi-
cal pump range. The distilled polynomials (14)-(15) are exactly
this composition at the initial weights; the composed coefficients
are an affine function of the design weights  (with the inte-
gral state entering the bias coordinate), so the two forms carry
the same adaptive degrees of freedom. The slowly varying terms
of (11) — the integral state d and the corrective proportional
action — are therefore not added on the actuator line at each in-
stant; they enter through the adaptation channel, carried by the
time-varying weights 6(¢). At every step a PI-corrected target is
formed around the applied command — proportional action on
each pump’s estimated level error (K ., = 3.0 V/cm, the imple-
mentation counterpart of the design gain K), the low-pass-filtered
cross-coupled upper-tank error realizing d (filter constant @ =
0.05, weight 1.0 — i.e. the coupled-tank error enters each pump’s
correction with the same weight as that pump’s own error, the un-
tuned choice; the value is stated here because a smaller weight is
appropriate only when the upper tanks carry an unattainable tar-
get, which (3) removes), and a saturating cross-coupling brake —
and the target, not the actuator command, is rate-limited:

U (t) = SleWLimA(ﬁtgt(tk)) = Ui (f—1)

+sat_a 4 (atgt(tk) - utgt(tk—l))’

(13)

with @i, the unlimited PI-corrected target: the target may change
by at most A volts per step (A = 0.1 V here) and is saturated to the
same [0, u,,] range. The forgetting-RLS of Sec. 4.5.2 regresses
the weights onto the slew-limited target every T, steps, taking as
its measurement the target in the normalized units of the regres-
SO, Uigy /Upmay, SO that measurement and prediction @74 carry the
same scale as required by the model y = ®76 +¢ of (19); the inno-
vation is then the normalized command error (U — Uraw )/ Umax-
The applied command therefore tracks the slew-limited target
through the low-gain adaptation rather than through a hard con-
straint on the actuator line, bounding actuator slew and fatigue
while keeping the actuation path branch-free. The realization
residual re,, (t) : = u(t) — U, (t) between the implemented com-
mand (12) and the design command (11) is uniformly bounded
— u and u, are confined to [0, uy,,] by construction, and the
bounded-gain RLS driven by this saturated target keeps 8, hence
Upaw, bounded on the compact Q [23, 18] — and enters the loop
additively through B ry,,, absorbed into the lumped disturbance
8 (Lemma 1). The previously monolithic u; is thus resolved into
two well-posed objects: a proportional contribution —K; e folded
into K, and the bounded rate saturation (13); this removes the
dimensional inconsistency of treating a slew limit as a length.

To demonstrate the transparency of the KAN architecture,
the distilled control law for u; and u, extracts into a single al-
gebraic form (in normalized units; the deployed command is
rescaled by u,,, and saturated per (12)). What is displayed be-
low is the law at initialization, 6(0) = 6*: the basis is frozen for
all time, while the ten linear coefficients per pump are exactly
the quantities the RLS adapts online (Sec. 4.5.2), and they move
several-fold over a run (Sec. 5.4). The transparency claim is there-
fore a structural one — the functional form is fixed, known in
closed form, and never changes, so the deployed controller is at
every instant an explicit degree-two polynomial whose current co-
efficients can be read off and audited — rather than a claim that
the particular numbers below remain the operative gains:

Uy raw = —3.061817 x; — 0.914763 x, — 6.955925 x5
— 3.407967 x, + 6.469391 x5 — 8.475651 X,
— 1.330975 x5 + 0.025392 (—10.000158 x,
—9.999930)? + 0.073162 (—1.670916 x;
+ 3.952262 x5 — 3.957915 x, + 0.059323 x4
— 1.277487)% — 1.747098

(14

Uy raw = —5.403939 x; — 1.500293 x, — 13.710084 x5
— 5264385 x, + 11.257138 x5 — 11.914867 x;
— 6.449098 x5 + 0.047566 (—10.000158 x;
—9.999930)? — 0.022053 (—1.670916 x; +
3.952262 x5 — 3.957915 X, + 0.059323 x4
—1.277487)% — 3.109220

where x; is the normalized height of tank 1 (h,), x, is the
normalized height of tank 2 (h,), x; is the normalized height of
tank 3 (h3), x, is the normalized height of tank 4 (h,), x5 is the
normalized error of tank 1 (Ayqrger — My), Xg is the normalized
error of tank 2 (My;qrger — o), X7 is the normalized error of tank 3
(M3targer — M3), X3 is the normalized error of tank 4 (Ry;qrger — Na)-

The coefficients in (14)-(15) reveal features structurally un-
available in optimization-based controllers: quadratic terms carry
the NMP coupling in the respective pumps and the negative lin-
ear terms carry physical damping adjacent to setpoint deviation.
The two modes hence provide a multilayered control law, which
is specifically designed to handle the inverse response charac-
teristic of the NMP plant configuration. This structural reading
persists under adaptation, since the terms it refers to are basis el-
ements rather than particular coefficient values; what adaptation
changes is the weight each term carries.

The modifications ensuring boundedness and ISS are de-
scribed next.

1s)

4.5.2 | Lipschitz-Continuous RLS Update Law

On top of the baseline KAN-distilled control law, three modifica-
tions enable safe online adaptation.

1) Weight adaptation. The linear weight vector 8 is updated
by the continuous-time RLS law with forgetting factor A [18, 24]:

6=TdPe, (16)
17)

[=pI—-T®dT, PR

where ® = Py, n(x) abbreviates the frozen regressor, T, is the
adaptation interval, and 0 < 1 < 1. The distilled nonlinear basis
is frozen; only the linear weights adapt, so 8 = 6 —06* is the weight
estimation error (with 6* constant, 6 = 8) [23]. The discrete
realization used in the implementation is the Joseph-stabilized
forgetting-RLS recursion; for the per-pump target y, = <1>§e + €,

-1

Ly = Ty (AR + @[Ty, @) (18)

ék = ék—l + Lk(yk - élz:—lq)k)’ (19)
1

T = 2 [( = @D (- L)' + LR L], (20)
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with R, being the measurement-noise covariance; the discrete co-
variance Iy is the sampled counterpart of the continuous gain I'
in (17) (with p =~ lTi), and the Joseph form (20) keeps it sym-
metric positive definite. To prevent covariance wind-up when PE
is absent, I is kept within [¥yinl, YmaxI] (Assumption 3) by pro-
jecting the eigenvalues of I';, onto that band after each update;
constant forgetting alone does not guarantee an upper bound
on I' without excitation. The necessity is quantitative: on the
single-setpoint benchmark the regressor leaves three of the ten
feature directions unexcited (Sec. 5), and in those directions the
recursion (20) inflates the covariance by exactly 1/4 per update,
so the largest eigenvalue of I' grows geometrically — reaching
5.30 X 10* from an initial 10* over the 50 s horizon, i.e. precisely
the pure-forgetting factor A~Ne with N, = 1667 adaptation steps,
confirming that no contraction acts there. Without the projec-
tion the band would be enforced only by the finite horizon. The
bounds used are y,,,, = 10* and y,,;, = 107°, both set outside
the measured envelope (the observed extremes are 5.30x 103 and
1.19 x 1078), so the projection is inactive on the reported runs
and the results of Sec. 5 are unaffected; its role is to make the
band a property of the update law rather than of the run length.
The upper bound is the load-bearing one, entering the damp-
ing condition (33) through A,,;,(I'Y) = y;L,. The lower bound
is deliberately loose: the covariance genuinely contracts towards
1078 in the excited directions, so y;, here guarantees invertibil-
ity of T rather than a tight conditioning number, and the resulting
spread makes the certificate of Sec. 4.6 a qualitative boundedness
statement rather than a numerically tight bound.

2) Bounded integral action. The integral state d regulates the
cumulative deviation from the setpoint; its design law is

d=Kje, K; =kiI>0, (21)
with the band [—d, d] kept forward-invariant for d (Lemma 2).
In implementation this band is not enforced by an active
conditional-integration clamp: d is realized as the low-pass-
filtered error of Sec. 4.5.1 (filter constant &), a leaky accumulation
whose output is a convex combination of past errors and is there-
fore confined to the error range of the compact envelope by
construction. The constraint — integration frozen whenever it
would push d outside [—d, d] — is the corresponding guardrail
for pure-integrator realizations of (21) and is subsumed by the fil-
ter structure here. Unlike the weight covariance I, the integral
gain K; is constant, so the design update (21) carries no analogue
of the forgetting-induced metric decay that damps 8 (Sec. 4.6);
boundedness of d, and hence of d = d — d*, is therefore sup-
plied directly by the construction of the update — filter leak or
constraint — rather than by the Lyapunov argument. This also
removes any need to tie K; to P: any SPD K; may be chosen freely
for transient shaping.

3) Lipschitz shaping and slew limiting. Lipschitz continuity
of the command is enforced through the deviation-dependent
proportional gain K; = (K} /ena)I (folded into K in (11)) to-
gether with the per-step rate saturation (13) of the adaptation
target [26]; the applied command (12) is itself Lipschitz in the
state, being a saturated polynomial evaluation on the compact
Q (Proposition 1). This keeps the control law restrained and
tractable while bounding actuator fatigue.

Lemma 2 (Boundedness of the integral state). Let the integral up-
date (21) be realized so that the band [—d, d] is forward-invariant

Algorithm 2 Online LCA-RLS-KAN control step at time

Require: frozen ®y,yn, scale up,,, weights él,éz,
covariances I'},I';, forgetting A, slew A,
interval T,, UKF

1: UKF predict with u(f;_;); update with z;, =

% = [h,7]

2 q)KAN()%k9Axref) R

Upgy < Unmax[6] 9, 0, 9]

u(ty) < Sat[o,umxj(uraw(tk)) (12); apply to plant

form PI-corrected target iy (filtered error +

cross-coupling brake); gy « SleWLimA(ﬁtgt) (13)

6: if kmodT, =0 then

7: for j€{1,2} do

8: (éj,Fj) « FF—RLS(éj,Fj,go, Ug j/Umaxs 1) >
target in normalized units

> O(p), branch-free
> constant-time inference

oo W N

9: end for
10: end if

for d — by the leaky low-pass realization implemented here, whose
output is a convex combination of past errors, or by a conditional-
integration (anti-windup) clamp. Then ||d(t)|| < d for an explicit,
known d, Vt, by construction of the update rather than as a conse-
quence of the Lyapunov argument of Sec. 4.6. Together with ||d*|| <
dmax (Lemma 1), the integral-state error obeys the uniform bound
”d(t)” <d+ dnax = d_tot vt

Proof. Under the implemented leaky realization the discrete up-
date is the convex combination d* = (1 — a)d + ae: with
d(0) = 0, coordinatewise |d;(t)| < max,, |e;(t)|, and since the
error is confined to the compact envelope Q (Assumption 2), any
d > sup, |le||l, renders the band positively invariant a priori.
Under a clamp, integration acts coordinatewise on the accumu-
lation (21): whenever an increment K;e At would carry d outside
[—d, d], it is suppressed and d is held at the boundary. In ei-
ther case ||d(t)|| < d for all t, independently of any Lyapunov
estimate. With d = d — d* and ||d*|| < d,p.x (Lemma 1), the tri-
angle inequality gives ||d|| < d + dpax =: dior. Empirically the
tighter band d = 2.5 cm is certified by the logs: across the Monte-
Carlo campaign of Sec. 5 the integral coordinate never exceeds
243 cm. O

The complete online cycle — estimation, constant-time infer-
ence, saturated actuation with rate-limited target shaping, and
periodic weight adaptation — is summarized in Algorithm 2.

4.53 | Lyapunov Candidate

The energy function is taken over the tracking and weight errors
only,

V() = %eTPe + ééTr—lé, (22)

with ¢ = [eT 87 |7, e = x — X,y and 8 the weight estimation error.
The integral-state error d = d — d* is deliberately excluded from
V: by Lemma 2 it is already uniformly bounded by construction
of its band-confined realization, independently of any Lyapunov
argument, and it is instead carried into the analysis below as a
bounded perturbation acting on the (e, 8)-subsystem. Since P and
I'"! (Assumption 3) are symmetric positive definite, V' is positive
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definite and radially unbounded, and there exist c;, ¢, > 0 with

alll* < V) < el¢I1% (23)

i.e. V satisfies class-K,, bounds on the same vector ¢ that the dis-
sipation rate of Sec. 4.6 will control (cf. Khalil and Grizzle [26,
Lemma 4.3)).

4.6 | Stability Analysis

Differentiating (22) along the closed-loop trajectories,
V =eTPé+0TT16 + iéT i(r—l)é. (24)

With the plant model (5), split the approximation error into its
constant and time-varying parts, e = d* + ¢, (x), with d* being
the constant bias. Substituting the command (11)-(13) into ¢, we
get:

€ =X —Xpp = f(X) + Bu — Xer; (25)

using BB* ~ I, collecting the time-varying terms into the lumped
disturbance 6:

8 =€y + Tya + Brgew + Fuke (26)

of Lemma 1 (so the approximation-error remainder € — d* = ¢,
is only one of its four components), and setting 6* — 6 = —6,
d* — d = —d, the error dynamics are

é=—-0T8 —d—Ke+5(x), K =Kp+K;. 7
Group the last two exogenous terms into a single effective distur-

bance:
w(t) 1= 8(x(t),t) — d(t), (28)

so that é = —®78 — Ke + w. Because d is bounded by construc-
tion (Lemma 2) rather than by anything established below, w may
be treated as an exogenous bounded signal acting on the (e, §)-
subsystem: [|w(t)]| < [|6]| +di; =: @ < oo, uniformly in ¢. Since
0* is constant, 6="0is given by (16). The gain law (17) yields the
inverse-covariance derivative

Z(r1) = oo’ —prt. (29)

Substituting (27)-(29) into (24), the weight cross-term
T Y (rdPe) = BT®Pe cancels —e” P®TH exactly (both equal
e" PO by symmetry of P), leaving

V = —e"PKe + ¢TPw + %éTtIxDTé - ip oTr-18.  (30)

No cross-term involving d remains to be cancelled or bounded
here, because d was never placed in V in the first place (Sec. 4.5.3);
its effect on the loop enters only through the bounded forcing
term w in (30), exactly as § does. The cross/indefinite terms are
bounded by Cauchy-Schwarz and Young’s inequalities. For the
disturbance term, with u > 0,

Tpw < 1 P < # 2, Ama(P) 2
€ P < Anax(P) [lell leoll < Sllell” + == lloll™. (31)

By Proposition 1, iéTdJ(IJTé < %<I>,2nax||6~||2, and combining with
the forgetting term,

1 5 1 AT+-14
L2161 — 30 87T <

1 ~ (32)

_z(p /‘Lmin(r_l) - ‘sznax)HeHZ-
This term is exactly the “implicit leakage” of exponential for-
getting: T~ decaying at rate p contributes a genuine negative-
definite term to V' through the metric itself (not through any
explicit pull-to-zero in 8), provided I'"! stays bounded away from
0 (Assumption 3). The design integrator (21) has no such mech-
anism — K; is constant, so no analogous term arises for d; this
is precisely why d is handled by construction (Lemma 2) rather
than by the Lyapunov dissipation; a leak placed on d itself is what
the companion o-modified design of Sec. 4.7 would convert into
dissipation.

Taking the gains scalar, K = kI with k = kp + k;, > 0,
so PK = kP > 0 and A,,;,(PK) = kA4,(P) (more generally,
it suffices that PK + KTP > 0). Requiring the error term to
dominate the disturbance cross-term, A.,;,(PK) > 1/2; choose
u € (0,22,,in(PK)), set 4 = Apin(PK). By Assumption 3, I'"! is
bounded with A,,;,(T~!) > 0, and the damping condition

P /lmin(r_l) > q)gnax (33)

is enforceable since @, is finite (Proposition 1). Collecting (31)-
(32), the time derivative satisfies

V < ~(Amin(PK) = £ ) |

34)
1 — A /‘Lmax(P)z (
3 (P Amin T =@ JIBIP + 222 o]

This is a negative-definite term in every component of ¢ = (e, 8),
with a forcing term bounded uniformly by @ (Lemma 2); the
integral channel contributes only through this bounded forcing,
never through an unbounded or unaccounted state.

Define

a .= min {lmin(PK) - g’ é(plmin(r_l) - (I)Iznax)}’
Lo (P (35)
= —2# ,

both positive under (33). Then (34) reads V < —a||¢||? + 7]|]|?, a
dissipation inequality on the same state ¢ = [ e’ 8" |” bounded in
(23), with w as in (28) satisfying ||w||,, < @. The UKF estimation
residual is treated as a component of § (Lemma 1) and handled by
an interconnection (cascade-ISS) argument rather than a separa-
tion principle: the estimator subsystem is shown regionally ISS in
Lemma 3, and its interconnection with the controller subsystem

is closed in Lemma 4.

Theorem 1 (Stability of LCA-RLS-KAN).
Consider the closed-loop system formed by the plant (1) and the
LCA-RLS-KAN controller (11)-(13), (16)-(21), under Proposition 1,
Assumptions 1-3, and Lemmas 1 and 2. Let the gains P, T be SPD,
K = kI > 0, and let d be realized so that the band invariance of
Lemma 2 holds (leaky low-pass realization or anti-windup clamp).
If the damping condition (33) holds, then with a,y in (35) and w as
in (28),

V< —all¢]? + Il (36)
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By (23), V is an ISS-Lyapunov function in the sense of Sontag [25]
(cf. Khalil and Grizzle [26, Def. 4.7, Thm. 4.19]); hence the (e, 8)-
subsystem is input-to-state stable with respect to w, and ¢ = (e, 8)
is uniformly ultimately bounded, converging to the residual set

R={ 0 RI<, /2 La) (37)

The integral-state error d is bounded independently by d,,
(Lemma 2), so the full triple (e, 8, d) remains bounded Vt.

Proof. The dissipation inequality (36) was assembled in (24)-
(35); it remains to convert it into an explicit bound. By the lower
bound in (23), ||¢|]* > V/c,, so (36) with ||w||, < @ gives the
scalar comparison inequality

=% 50 (38)

V<-nV+ya®,
C

The comparison lemma [26, Lemma 3.4] integrates (38) to
—nt 4 -9t 52 —nt QY
V() <e™ V(0)+5(1—e @2 < e V(0) + — % (39)

Applying ¢, ||¢||> < V(¢) and V(0) < ¢,||¢(0)||? from (23) together
withVa + b <+/a + /b,

K@l < /21Ol + [2La. (40)

BUKOI, HeXL

(||ollo) € K

Estimate (40) is exactly an ISS bound — a class-K £ transient in
(JI$0)]], t) plus a class-K function of ||w||s [25], [26, Thm. 4.19].
Hence the (e, §)-subsystem is regionally ISS with respect to w, ¢

is UUB, and
limsup ||$(®)]] < 4 / Z—zi @, (41)
t—o0 1

i.e. ¢ enters the residual set (37), approached at exponential rate
n/2 = a/(2c,). The integral coordinate is bounded separately,
Id(®)]| < di; for all t by Lemma 2, so (e, 8, d) is bounded while
(e,6) is UUB. 0O

Remark 2. Scope of the certificate. The conclusion of Theorem 1
is regional rather than global, and the distinction is worth stating
precisely, because for this plant the region is not a restriction. The
constants the certificate rests on — ®_,, and L4 (Proposition 1),
Omax (Proposition 2), and ||8||, (Lemma 1) — are suprema over
the compact operating envelope Q, and a global statement is un-
available for a structural reason, not a technical one: the distilled
features are polynomials of degree two (Proposition 1), so @, is
finite only on a bounded set, and the damping condition (33) —
which is what renders « > 0 — cannot be enforced on all of R"
by any choice of gains. A globally valid certificate would require
a globally bounded regressor, which the symbolic read-out that
supplies the interpretability claim does not provide.

What replaces a global claim here is that Q can be taken to be
the entire physically realizable state set. The tank levels are con-
fined to [0, k.| by finite vessel capacity and the commands to
[0, Umax ] by pump saturation (12), so Q x U is forward-invariant
by construction of the plant rather than by hypothesis on the
closed loop (Assumption 2, Lemma 4); states outside it are not
merely uncertified but unrealizable — indeed the vector field (2)
is not defined for i < 0. The domain of attraction certified by (40)
therefore contains every initial condition the plant can physically

occupy, and the residual set (37) is a subset of Q. The estimate
is regional in form and exhaustive in scope: no admissible initial
condition is excluded.

Lemma 3 (Regional ISS of the joint estimator). Under
Assumption 4, realize the UKF as the output-injection observer

Xukr = F(Ruge, w) + K¢ (t) (y — Cugr), “2)
K; = P,CTR;.
Then the estimation error e, = Xygp — Xygp iS regionally ISS with
respect to (v, y), with gains uniform over Q X U:

lleo (Il < Bo(llea (0], 1) + oo (ll(v, llso) + bos (43)

for some B, € XL, p, € X, and a bias floor b, = O(Hp) in-
duced by unscented statistical linearization (vanishing as the filter
is tightened, p |, or the plant curvature is mild, H ).

Proof. Subtracting (42) from the augmented plant and using the
mean-value form F(xygg, ) — F(Xygr, u) = Fy(t) e, (exact, with
F, asin Assumption 4) gives

é, = (Fx —K;C)e, + AF, e, — K¢y + G,w + G, 7 + byr, (44)

where AF, := F, — F, is the gap between the sigma-point
(unscented) slope F, actually used by the filter and the true
averaged Jacobian, and byt is the unscented mean bias. By
Assumption 4(i),(iii) both are bounded on Q: ||AF,|| < xyr =
O(HP) and ||byr|| < §HtrPo < %an.

Take V, = egP;"¢,,50 p~"[|e,||* <V, < p~'le,|* by (i). The
filter Riccati equation P, = F,P,+P,FI+G,Q,GL—P,CTR;'CP,
yields, for the nominal matrix F := F, — K;C,

FTP7l 4+ P;1F + Lp7t
dt (45)
= —(CTR;!C + P;'G,Q,GLP;1) < 0.

By the covariance sandwich (i) and uniform observabil-
ity/controllability (ii), the integral of the right-hand side over the
window T is coercive, so F(t) is uniformly exponentially stable
and the nominal flow satisfies VOme < —c,V, for some c, > 0
(Kalman-Bucy observer stability [31]). The perturbation AF,e,
is dominated by this margin whenever xyr/p is a small enough
fraction of c,; bounding the remaining terms with Young’s in-
equality and using that K; = P,CTR;! is bounded (by (i), R, > 0)
gives, for some € € (0,¢c,),

Vo < =(co =V, +11|V|* + 1o 711 + 5] [wll® + 74 Ibyr ||, (46)

with every x; < co. The comparison lemma and the V,,-sandwich
convert (46) into the bound (43), with the constant term collecting
the byr contribution as b, = O(H p) and process noise w folded
into the input vector. The estimate is regional because (iii) holds
on Q, and uniform over Q X U because (ii) holds along every ad-
missible trajectory, so 8,, 0,, b, do not depend on the controller
substate. O

Remark 3. Relation to adaptive-observer theory. The augmented
model is affine in the unknown parameters: collecting the square-
root outflows of (2) in ¢(h) and the known input channels in
W(u), the level dynamics read h = ¢(h) + $(u)y — a state-
affine system with y entering linearly. This is exactly the class
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for which adaptive-observer theory [32, 33, 34] guarantees ex-
ponentially convergent joint state/parameter estimation that is
ISS to measurement noise and to the parameter-variation rate
7, under a persistency-of-excitation condition on the regressor
Y(u). That PE requirement is precisely the structural content
of Assumption 4(ii) — the valve ratios are unobservable from
the level sensors at u = 0 and become uniformly observable
when the inputs excite the multiplicative channel — and the
same excitation it demands is the regime whose absence is quan-
tified controller-side in Corollary 2. The drift enters Lemma 3
as the standard time-varying-parameter input: the constant-rate
valve ramp (y; = —0.0011/s) is a bounded ||y||, absorbed by
Po, Whereas the mid-run 20% step in y, is an impulsive y ex-
cluded from (iv) and instead handled as a bounded jump in e,
that re-engages the §,(-, t) transient rather than the X gain — the
ramp/step split mapping cleanly onto the X /% £ decomposition
of ISS.

Lemma 4 (Observer-controller feedback). Let the UKF residual
entering Lemma 1 be Lipschitz in the estimation error, ||yl <
L,|le,|| on Q. Under Assumption 4, the estimator bound of Lemma 3
holds with gains uniform over Q X U, and the closed loop keeps
(x,u) in that compact envelope (Assumption 2). Then the inter-
connection of the estimator with the ISS controller subsystem of
Theorem 1 is regionally ISS, and (e, 8) remains UUB.

Proof. The controller substate enters the estimator only through
u = u(®, 8, d), so the interconnection is genuine feedback, not a
one-way cascade; two facts collapse it to a cascade in the ISS sense.
First, by Lemma 3 the estimator gains j3,, o,, b, are uniform over
Q X U and so do not depend on (e, ) beyond the requirement
that (x, u) remain in the compact envelope, which Assumption 2
guarantees — and which is physical rather than circular here:
the tank levels are confined to [0, h,,.] by finite capacity and
the commands are saturated to [0, up,.] = [0,12] V by (12), so
(x,u) lies in a fixed compact set independently of the stability ar-
gument. Hence e, obeys an exogenous-input bound independent
of the controller state. Second, by Theorem 1 the controller sub-
system is ISS with respect to w, and w depends on the estimator
only through r ¢ with ||[ru¢|| < Lo|le, |- Substituting the uniform
estimator bound renders the controller input a class-X function
of ||(¥,7)|le plus a class-K £ transient and the constant L,b,;
since a cascade of ISS systems with uniform gains is ISS [25, 26],
the interconnection is ISS and (40) holds with @ replaced by the
composite gain @ + L,0,(||(¥,¥)|l«) + Lob,. The estimator-ISS
premise is now established (Lemma 3) under the verifiable con-
ditions of Assumption 4 rather than assumed; filter consistency
(NIS =~ 3.99) and the parameter bounds of Table 5 corroborate the
covariance sandwich (i) and the bias floor b, empirically. O

Corollary 1 (Practical tracking accuracy).

Consider the idealized regime in which the entire lumped distur-
bance vanishes, § = 0 — ie. the distilled basis captures the
nonlinearity exactly (g, = 0), the input map is invertible on the op-
erating subspace (r,, = 0), the implemented command realizes the
design law exactly (rye,, = 0), and the estimator residual is negligi-
ble (ry s = 0) — with no constant bias (d* = 0). The tracking error
asymptotically satisfies

lle®Il 5 1/ Z_z i diot ast — oo. 47)
1

Exact asymptotic tracking (lim,_, , e(t) = 0) is not claimed here:
the band-confined integral state (Sec. 4.5.2) need not drive d to zero
even when § = 0 — it merely stays constrained. The corollary in-
stead makes explicit that achievable tracking accuracy in the ideal
case is a designer-controllable quantity, set directly by the integral
band d: tightening the band — through the filter realizing d or an
explicit constraint — tightens the guaranteed accuracy, at the usual
cost of a less aggressive integrator.

Proof. Let § = 0 — i.e. every component of the lumped distur-
bance vanishes (¢, = 0, 1y, = 0, Fgew = 0, Fue = 0) — with no
constant bias (d* = 0). Then by (28), w = —d, 50 |||l < dio bY
Lemma 2 alone — the residual disturbance entering the proof is
then governed entirely by the tightness of the integral band. By
(37), we get (47). O

Corollary 2 (Robustness to lack of excitation).

Under the conditions of Theorem 1, the error state { = (e, 0) re-
mains UUB, with the residual set (37) unchanged, whether or not
the regressor @\ is persistently exciting. No PE condition appears
in the hypotheses of Theorem 1, and none is needed: the damping
that closes the argument is supplied by the covariance bound of
Assumption 3, which is enforced by projection at every update and
is therefore a property of the update law rather than of the trajec-
tory. Parameter convergence, § — 0, does require PE and is neither
claimed nor used.

Proof. Assumption 3 supplies the covariance-bounding (reset-
ting) mechanism that enforces ypinI < T'(£) < ¥max, S0 7! stays
bounded and (33) continues to hold; consequently the bound (34)
is unaffected by the loss of excitation. The weight error 8 then
merely fails to converge to zero but stays in a bounded set, and
ISS of (36) preserves UUB of ¢ [18]. This is consistent with the
persistent-excitation premise of Lemma 3, which is required only
to render the estimation error e, convergent: even in absence of
excitation, the covariance sandwich (Assumption 4(i)) still keeps
e, uniformly bounded, and it is only this boundedness — entering
the controller through the residual r,; — that the present UUB
conclusion invokes. O

As such, the Lyapunov-based proof is concluded, providing a
verification of the robustness claim made earlier.

4.7 | Companion Design: c-Modified Integrator

Theorem 1 keeps the integral coordinate outside the Lyapunov
certificate, bounding it by construction (Lemma 2). We now show
that a single leakage term brings d inside the guarantee, certifying
the full composite state z = [e” 87 d” |”. Replace the integral
update (21) with the o-modified law

d= Kre— a,(f,

O'[>O, KI =k[I>0, (48)

and augment the candidate (22) with an integral metric,
V,(z) = %eTPe + ééTrflé + éd“TQ,d*, Q =Qr ~0. (49)

The choice Q; = P/k; gives Q;K; = P, so the integral cross-term
cancels the —e” Pd contribution of e” Pé exactly. With d = d — d*
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and constant d*,

d’Q,d = d"Pe —0,d"Q,d — ¢,d" Q,d*, (50)

cancels

and Young’s inequality on the last term, —o;d” Q;d* < %Hd“él +
Z|ld*|I . leaves the negative-definite integral term —=d’Q,d.
2 e 8 PR
Adjoining this to (34),

V. < = (Amin(PK) = £)]le]?
= 2(PAin(T™) = @2 IIBIP = L2 (QIIP (51

AP <10 L 1 e
+ D 4+ 2 a
Theorem 2 (Full-state ISS of o-modification). Consider the
closed loop of Sec. 4.5.1 with (21) replaced by (48) and V', as in (49)
with Q; = P/k;. Under Proposition 1, Assumptions 1-3, Lemma 1,
and the damping condition (33), define

@, :=min {Amin(PK) - %

1 o (52)

E(plmin(r_l) - cI)rznax)! ;I/lmin(QI)} >0
and w := (8,d*). Then V, < —a,||z||> + ,||@||%, where y, col-
lects the two forcing constants of (51). Hence z = [eT 87 d7 |T
— now including the integral coordinate — is regionally ISS with
respect to w and UUB, converging to a residual set of radius

(/D)) [T || or With ¢}, ¢, the class-K, bound constants
of V,.

Proof. Equation (51) is a dissipation inequality of the same form
as (36) with (z,V,, a,, 7,) in place of (¢, V, «, y); the comparison-
lemma argument (38)-(41) then applies verbatim. O

The o; leak trades exact integral action for a bounded
steady-state offset of order o; (the constant ﬁ||d*||él), the stan-
dard o-modification trade-off [18]. Theorem 1 (constrained) and
Theorem 2 (o-modified) are thus two consistent robustifications
of the same controller: the former bounds d by construction, the
latter by dissipation. The implemented low-pass error filter of
Sec. 4.5.2 is not a realization of (48), and the two act at differ-
ent points of the loop: o-modification intervenes downstream,
leaking an already-formed estimate toward zero — classically 8
[18], here the bias estimate d — whereas the implemented filter
intervenes upstream, contracting the raw error to a convex combi-
nation and hence bounding it before it reaches the integral action
or the adaptation target. It shrinks accumulated error, never a pa-
rameter estimate. Its guarantee therefore runs through Lemma 2
and Theorem 1; (48) is the companion design whose certificate
extends to the integral coordinate itself.

5 | Results & Discussion

Simulations were conducted in Python 3.12.4 over a 50 s horizon
(dt = 3ms, N, = 16666 steps) on a Ryzen 7 7840HS laptop.
A joint UKF [35, 36, 37] (FilterPy [38]) estimates the augmented
state Xygr = [Mhy._4,71.] and is tuned for nominal consistency
(NIS =~ 3.99 across all runs, spanning 3.94-4.02 over the cam-
paign against the dimz = 4 nominal). The same estimator and
simulation harness are shared by every controller, so reported
differences are attributable to the control law alone.

Baselines. Three baselines are compared against LCA-RLS-
KAN. (i) An RBF-NN adaptive controller sharing the identical
adaptation harness (joint UKF, forgetting-RLS weight update,
slew-limited target) but replacing the distilled symbolic regres-
sor with a black-box Gaussian radial-basis dictionary; this iso-
lates the effect of the regressor choice. (ii)-(iii) An LTV-MPC
(N = 30, Q = diag(40,40,5,5), R = 10731, OSQP [4]) in two
configurations: warm-started, reusing the previous solution, and
cold-restarted, re-solving from scratch each step as in a naive
per-step redeployment. Both MPC configurations are reported
deliberately: the actuator smoothness of MPC turns out to be
implementation-dependent, and the contrast is itself diagnostic
(Sec. 5.2).

Monte-Carlo protocol. Performance is evaluated over a 50-
seed Monte-Carlo. Each seed draws fresh zero-mean process
(0 = 107*) and measurement (o7, = 2.37) noise sequences,
applied under an identical adversarial schedule (valve y, drift
—0.0011/s; y, step —20% at t = 255s). All four controllers are run
on every seed; we report the median and interquartile range (IQR)
over the 50 realizations. This allows us to conduct a genuine
sampling study over independent draws.

5.1 | Tracking and Cross-Coupled Actuation

Table 3 and Fig. 2 report the per-tank IAE distributions. No con-
troller dominates: the error is distributed differently rather than
uniformly reduced. LCA-RLS-KAN tracks tank 1 substantially
more tightly than LTV-MPC (29.9 against 46.3 cm-s, 35% lower)
and tank 3 by a clear margin (48.5 against 64.6, 25% lower), while
LTV-MPC is decisively better on tank 2 (50.3 against 70.0, 39%
lower for MPC). On the cross-coupled tank 4 — reachable only
through the (1 — y,) pathway of pump 1 — the four controllers
are within 7% of one another (18.9 to 20.3cm-s), So no claim
is made there. Summed over the four levels the medians are
168 cm-s for the proposed controller against 181 for warm-started
LTV-MPC, a 7% aggregate advantage. The two allocate their error
very differently, so this total should be read alongside the per-tank
breakdown rather than in place of it; but on totals, and decisively
on two of the four levels, the proposed controller tracks the plant
more accurately than the optimizer.

That the allocation differs is expected and is not evidence of
a defect in either. LTV-MPC minimizes an explicit quadratic cost
with Q = diag(40, 40, 5, 5), which weights the directly actuated
pair an order of magnitude above the coupled pair, and it allocates
error accordingly; the proposed controller carries no such cost
and instead applies the correction of Sec. 4.5.1 with equal weight
on the coupled error. The comparison therefore measures two
different allocation policies at comparable total error, not one con-
troller tracking better than another. Notably, this holds with the
baseline given a horizon that spans the inverse response (Sec. 4.3):
the aggregate parity is not purchased from a myopic MPC.

Against the RBF baseline the two adaptive controllers are
statistically indistinguishable, as they should be: they share the
identical estimation and adaptation harness and differ only in
the regressor. Every per-tank median differs by under 5% (29.9
against 29.1, 70.0 against 68.6, 48.5 against 48.9, 19.7 against
18.9 cm-s), with the RBF marginally ahead on three of four and
the KAN on tank 3. The defensible reading is parity of control
performance between a distilled symbolic basis and a black-box
one under matched adaptation — which is precisely what isolates
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TABLE 3 | Monte-Carlo tracking error, IAE [cm-s], median [IQR]
over 50 seeds (lower is better).

Controller Tank 1 Tank 2 Tank 3 Tank 4
LCA-RLS-KAN 299[1.7] 70.0[2.9] 48.5[2.4] 19.7[2.8]
RBF-NN 29.1[1.6] 68.6[2.0] 48.9[2.0] 18.9[1.7]
LTV-MPC (warm) 46.3[1.4] 50.3[1.5] 64.6[2.1] 20.3[0.8]
LTV-MPC (cold) 46.2[1.4] 50.3[1.5] 64.5[2.1] 20.3[0.8]

interpretability, rather than tracking, as what the distilled basis
buys (Sec. 4.5.1).

52 |
time

Actuator Smoothness, Estimation, and Run-

Table 4 and Fig. 3 report actuator Total Variation (TV) and per-
step runtime. Three observations follow, and the first runs against
the proposed controller. Given a horizon that spans the inverse
response, LTV-MPC commands the actuators markedly more
smoothly than either adaptive controller: 454 against 1624V on
pump 1 and 636 against 1031V on pump 2, i.e. 3.6X and 1.6X
lower total variation. This is the expected consequence of the al-
location difference of Sec. 5.1 — a controller that anticipates the
inverse response over 120 s has no need to correct aggressively at
the 3 ms step, whereas the adaptive law reacts to the error as it
appears — and it is reported plainly: on this benchmark the pro-
posed controller buys its tracking allocation and its per-step cost
at the price of a rougher command. Its total variation nonetheless
remains within the pump’s rate limit (13) by construction, so the
cost is actuator duty rather than feasibility.

Second, the two adaptive controllers are again indistinguish-
able (1624 against 1592 and 1031 against 958 V, within 8%), con-
firming that neither the smoothness deficit nor anything else in
this comparison is attributable to the choice of basis. Third, the
warm- and cold-restarted MPC configurations have converged to
each other (454 against 471 V), in contrast to the wide separation
reported under a short horizon: with a horizon long enough to
be well posed, the solver reaches essentially the same solution
from either starting point, therefore the warm/cold distinction is
not diagnostic and is retained only to show that the baseline is
not an artifact of favourable warm-starting. Parameter estimation
(Table 5) is comparable across all four controllers, the UKF be-
ing shared, with the adaptive pair marginally ahead on y; (0.073
against 0.080).

TABLE 4 | Monte-Carlo actuator TV [V] and per-step runtime [ms],
median [IQR] over 50 seeds.

Controller TV,pumpl TV,pump2 Runtime [ms]
LCA-RLS-KAN 1624 [175] 1031 [138] 0.63[0.110]
RBF-NN 1592 [159] 958 [166] 0.63 [0.030]
LTV-MPC (warm) 454 [9] 636 [20] 1.22 [0.015]
LTV-MPC (cold) 471 [10] 662 [21] 1.33 [0.022]

On runtime, all controllers execute in 0.63-1.33 ms/step in
this efficient reimplementation, with the two adaptive controllers
roughly twice as fast as either MPC: the iterative QP, solved by
compiled OSQP, is not the bottleneck a heavier toolchain might

make it appear; however, it imposes heavier demands on the hard-
ware. LCA-RLS-KAN attains the lowest median together with
RBF-NN (0.63 ms against 1.22 ms for warm-started MPC, a fac-
tor of 1.9), all four timings being taken in a single session on
an otherwise idle machine. We draw no conclusion from the in-
terquartile spreads: the proposed controller’s is the widest of the
four here (0.110 against 0.015ms), yet its per-step work is fixed
by construction and cannot vary with the data, so the spread re-
flects the measurement environment rather than the algorithm —
which is precisely why the determinism argument below is made
structurally rather than from observed variance.

TABLE 5 | Monte-Carlo parameter-estimation error |e|, median
[IQR] over 50 seeds.

Controller le,, | ley, |

LCA-RLS-KAN 0.073 [0.008]  0.158 [0.004]
RBF-NN 0.074 [0.006]  0.159 [0.003]
LTV-MPC (warm)  0.080[0.002]  0.160 [0.000]
LTV-MPC (cold)  0.080[0.002]  0.160 [0.000]

These end-to-end figures substantially understate the archi-
tectural gap, because every controller pays an identical estimator
cost. Instrumenting the loop attributes 0.52 of the proposed con-
troller’s 0.60 ms to the shared UKF, against 0.66 of the LTV-MPC’s
1.49 ms; isolating the control computation itself — the only stage
that differs between the methods — gives 0.021 ms for LCA-
RLS-KAN against 0.579ms for LTV-MPC, a factor of 28. The
architectural separation is therefore an order of magnitude wider
than the per-step totals suggest, and it is this quantity, not the
total, that would govern a deployment in which the estimator
is cheaper, shared, or absent. The factor should still be read as
indicative rather than portable, and in both directions: roughly
two thirds of the LTV-MPC’s control cost is per-step problem
assembly executed in Python and only the remaining third the
compiled OSQP solve, while the proposed controller’s inference
is small-array NumPy carrying its own interpreter overhead, so
both would shrink under a compiled implementation. What does
not depend on the implementation is the operation count, and
this is where the claim properly rests: the KAN’s per-step cost is a
fixed, branch-free budget — O(p) regressor evaluation (p = 10),
2p multiply-adds of inference, and an O(p?) forgetting-RLS up-
date every ten steps — with no solver iterations, tolerance, or
factorization, hence a worst-case execution time bounded a priori.
The QP cost is instead iteration-count dependent, and while both
MPC configurations prove tightly repeatable here (IQR 0.015-
0.022ms), that repeatability is an empirical observation on a
benign benchmark, not a bound: nothing in the solver precludes
a harder instance requiring materially more iterations. For em-
bedded deployment, where a bounded worst-case execution time
matters more than average throughput, it is the a-priori bound
rather than the observed variance that is the operative advantage.

5.3 | Adversarial Stress Test: Single-Realization Dis-
turbance Recovery

Complementing the Monte-Carlo campaign, we illustrate cross-
coupled recovery on a single representative realization in which
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Tracking error (IAE) over 50 Monte-Carlo seeds
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FIGURE 2 | Per-tank tracking error (IAE) over 50 Monte-Carlo seeds. No controller dominates: the adaptive controllers track tanks 1 and 3
more tightly, LTV-MPC tank 2, and all four agree on the cross-coupled tank 4 to within 7%. The error is allocated differently rather than uniformly
reduced, on totals favouring the proposed controller (168 against 181 cm-s summed over the levels).
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FIGURE 3 | Actuator Total Variation over 50 seeds. Given a hori-
zon spanning the inverse response, LTV-MPC commands both pumps
more smoothly than either adaptive controller (3.6x on pump 1, 1.6x
on pump 2): anticipation over 120s removes the need for aggressive
correction at the 3ms step. The two adaptive controllers remain indis-
tinguishable from each other, and the warm/cold configurations have
converged.

a step disturbance of 2.0cm is injected into tank 2 at t = 30s,
on top of the drift schedule, emulating documented industrial
faults (valve obstruction, actuator degradation). No controller is
re-tuned. The LTV-MPC trajectories are near-identical for the
warm-started and cold-restarted configurations on this scenario
(the two differ in actuator TV, not in tracking), and make visi-
ble the cross-coupling effect that the aggregate IAE of Sec. 5.1
summarizes.

The analysis focuses on tanks 2-4, the tanks most affected,
directly and indirectly, by the disturbance. Both controllers are
driven by the same noise realization to isolate differences at-
tributable to the control law. The disturbance response of tank 2
is presented first.

Bl
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FIGURE 4 | Tank 2 level tracking. At t = 30s a step disturbance
of 2.0cm is applied, as shown in the plot. The disturbance rejection of
the two controllers on the affected tank itself is provided; LCA-RLS-KAN
exhibits a steadier recovery compared to LTV-MPC.
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As evidenced by Fig. 4, the disturbed tank itself is the one
level on which LTV-MPC is clearly ahead, consistent with the
campaign: it both integrates less error (69.6 against 97.2cm-s)
and settles closer (0.99 against 1.66 cm). The proposed controller
pays for the disturbance on tank 2 and recovers it on the coupled
levels, which is the allocation of Sec. 5.1 reappearing under a tran-
sient. The most discriminating adversarial result is accordingly
tank 3: shared pump actuation forces simultaneous disturbance
rejection on tank 2 and h; sustainment — a coupled resource-
allocation problem under model mismatch.

Under a disturbance applied to tank 2, which simultaneously
degrades the inflow pathway to tank 3 in the quadruple-tank con-
figuration [27], LCA-RLS-KAN maintains subsystem coherence:
it holds h; above the LTV-MPC trajectory throughout the post-
disturbance window, and both controllers dip and then recover
as pump 2 is released back to the coupled level (Fig. 5). Over the
window this is a 31% lower tank-3 IAE (69.6 against 100.7 cm-s)
at a smaller terminal offset (1.89 against 2.29 cm). The margin is
attributable to the disturbance response specifically rather than
to nominal tracking: adding the tank-2 step raises the proposed
controller’s tank-3 TAE by 21 cm-s over its undisturbed campaign
median (Table 3), where the same step costs LTV-MPC 36 cm-s.
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FIGURE 5 | Tank 3 level tracking. As tanks 2 and 3 are inter-
connected with a single pump, control of tank 3 represents a balancing
challenge for both controllers: a necessity to reconcile the setpoint track-
ing of disturbed tank 2 with the draining of tank 3. The h; setpoint
(2.0 cm, shared with hy) is shown for reference; h; remains well below it
throughout (the large tank-3 steady-state error of Table 6), reflecting the
underactuated, non-minimum-phase coupling. Neither controller returns
hs to setpoint — with pump 2 committed to rejecting the tank-2 distur-
bance, the tank has no independent actuation — but from ¢t = 31s the
proposed controller holds &3 consistently above the LTV-MPC trajectory
instead of letting it drain to 0 cm.

Tank 4, the upstream contributor to tank 2 inflow [27], is
tracked slightly closer by LCA-RLS-KAN (20.2 against 23.2cm:s,
terminal offset 0.59 against 0.69 cm), with both controllers end-
ing near 4.2 cm — above the nominal reference, because the valve
drift has by then moved the equilibrium manifold upward (Fig. 6).
The margin is small and consistent with the campaign, where the
four controllers agree on this level to within 7%; it is reported for
completeness rather than as a discriminating result.
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FIGURE 6 | Tank 4level tracking. Reduced downward flow from
tank 3 would increase the voltage needed to maintain the setpoint of tank
1, which in turn causes tank 4 level to rise. Therefore, lower level corre-
lates with higher fidelity of multi-tank control and higher awareness of
cross-coupling.

Table 6 provides the IAE and steady-state error (ESS) over
the last 5 seconds for both control systems. Time-domain trajec-
tories (Figs. 4, 5, 6) reveal trends not fully captured by ESS values.
Thus, simulation campaigns support the claims of efficiency and
robustness of the control law.

TABLE 6 | Tracking error metrics for the single-realization distur-
bance test of Sec. 5 (lower is better).

Controller Tank IAE([cm-s] ESS [cm]
LCA-RLS-KAN 1 37.3 0.87
LTV-MPC 54.5 1.66
LCA-RLS-KAN 2 97.2 1.66
LTV-MPC 69.6 0.99
LCA-RLS-KAN 3 69.6 1.89
LTV-MPC 100.7 2.29
LCA-RLS-KAN 4 20.2 0.59
LTV-MPC 23.2 0.69

These logs also instantiate the integral band of Lemma 2. The
integral coordinate d — the low-pass-filtered tracking error ac-
cumulated in Algorithm 2 — never exceeds 2.43 cm across the
50 seeds and the disturbance realization, so we set d = 2.5 cm.
With d* = 0 in the idealized setting of Corollary 1 this gives
d,r = 2.5 cm, and the certified residual radius v/ (c,/c;)(7 /) dio
— no smaller than d,, for the conservative Lyapunov constants of
the proof — contains the largest steady-state error of the proposed
controller (tank 3, 1.89cm < 2.5cm). Corollary 1 is therefore
consistent with the data rather than vacuous.

The same logs instantiate the lack-of-excitation guaran-
tee of Corollary 2. The empirical feature Gram Gy =
% 2ok Pran(€)Pran(€)" accumulated over the benchmark tra-
jectories has numerical rank seven of ten: regulation to a single
setpoint forces the normalized error features onto the level fea-
tures (X5 = ¢; — X1, X; = €3 — X3, Xg = €4 — Xy, With ¢; = 0.5,
c; = 0.208 and ¢, = 0.172 — the [10, 10,4.16, 3.44] cm setpoint
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scaled by the 20 cm level normalization), collapsing three direc-
tions so that the regressor is not persistently exciting. The closed
loop is UUB nonetheless — the valve drift is tracked and the step
disturbance rejected (Table 6) — because the certificate of Sec. 4.6
never assumed PE: the covariance bound (Assumption 3) keeps
I € [Yminl, YmaxI] regardless, and Corollary 2 converts that into
UUB of ¢. Only the output-relevant weight combination — the
excited, rank-seven subspace — is adapted; the three unexcited
directions do not affect the command and need not be identified.
Parameter convergence is therefore neither claimed nor required:
the single-setpoint regulation of the benchmark is itself a worst
case for excitation, and the controller is by design indifferent to it.

5.4 | Limitations

Several limitations qualify these results and are stated plainly.

* Frozen basis. Only the linear weights adapt online; plant
changes whose effect lies outside the span of the distilled
basis are absorbed merely as a bounded disturbance &
(Lemma 1) rather than learned.

* Provenance of the support. The monomial support itself is in-
herited from the earlier distillation [14]: only its coefficients
are re-estimated here against the present teacher (Sec. 4.4).
Re-deriving the support under that work’s gated parame-
terization — an analytic feedforward and a detuned linear
core plus a learned correction multiplied by a gate vanish-
ing quadratically at the setpoint — would not yield a better
basis for the present controller but a structurally different
one, whose stability is a property of the gate rather than
of the adaptation, and in which the gate would suppress
the adaptive term precisely in the neighbourhood of the
setpoint where drift compensation is required. The two pa-
rameterizations are alternatives rather than stages, and the
comparison between them is left open.

e Scope of the interpretability claim. What is fixed and in-
spectable is the basis: a ten-term degree-two dictionary,
known in closed form, identical at every instant of every
run. The coefficients multiplying it are adapted online and
depart several-fold from the distilled values (14)-(15) over
a run: across the 50-seed campaign ||8; || ends at a median
of 80.5 (40.7-139.1 across seeds) against its distilled value of
13.7,afactor of 5.9, and ||8, || at a median of 94.2 against 23.8,
a factor of 4.0. Those equations should therefore be read
as the initialization 6(0) and not as fixed gains. Auditing
a deployed controller therefore means reading its current
coefficient vector against the known basis — cheap and
exact, but a snapshot rather than a single static law, and
weaker than the fully static guarantee of the offline-distilled
predecessor [14].

e Estimator scope. The estimator ISS underpinning the cas-
cade (Lemma 3) is established regionally on the com-
pact envelope Q — the same envelope as Theorem 1,
and regional in the same non-restrictive sense set out in
Remark 2, since Q exhausts the physically realizable states
and the augmented coordinates y; , are ratios confined to
[0,1] by definition — under the verifiable conditions of
Assumption 4: the covariance sandwich (i) is read off the
logged filter covariance, while uniform observability (ii) and

the curvature bound (iii) hold structurally for this plant
(levels sensed linearly; valve ratios identifiable under input
excitation; aﬁx/ﬁ bounded since tanks never drain to h =
0). The certificate is deterministic, continuous-time, and
carries an unscented-linearization bias floor b, = O(Hp).
What remains open is therefore not the regionality but the
stochastic reading: a mean-square statement for the genuine
nonlinear filter [39, 40], and the effect of hardware sampling,
are left to future work.

* Residual offset. The implemented integral state is leaky (low-
pass), trading exact integral action for a-priori boundedness
and leaving a bounded steady-state offset (Corollary 1). The
o-modified companion of Sec. 4.7 certifies an analogous
leakage placed on the bias estimate d itself; the imple-
mented filter instead damps the error signal, so its offset is
covered by the band of Lemma 2 rather than by Theorem 2.

» Single benchmark. Generality is argued through the control-
affine class of Sec. 3.1 but demonstrated on one plant;
broader empirical validation and hardware-in-the-loop de-
ployment on the target microcontroller are left to future
work.

6 | Conclusion

This paper presented an LCA-RLS-KAN architecture designed to
bridge embedded feasibility and advanced nonlinear control. A
Lyapunov-based analysis established ISS and UUB of the tracking
and weight errors over the entire physically realizable operating
envelope — regional in form, but excluding no initial condition
the plant can occupy — with practical tracking accuracy in the
ideal (disturbance-free) case shown to be governed directly by
the band bounding the integral state. The certificate was further
shown to require no persistent excitation: the damping closing
the argument is enforced by the update law through a projected
covariance bound rather than drawn from the trajectory, so the
guarantee holds in the single-setpoint regulation regime that
structurally destroys PE — a regime the reported benchmark
is verified to occupy, its feature Gram retaining numerical rank
seven of ten. The theoretical guarantees explicitly account for
bounded estimation error and a bounded, leaky integral action.
The proposed controller was compared over a 50-seed Monte-
Carlo on the quadruple-tank benchmark under an identical ad-
versarial drift schedule, against a black-box RBF adaptive base-
line and LTV-MPC in warm- and cold-restarted configurations.
Across the campaign, LCA-RLS-KAN tracked the plant more
accurately in aggregate than LTV-MPC (168 against 181 cm-s
over the four levels, and decisively better on two of them) at
roughly half the median per-step cost, on a branch-free, worst-
case-bounded evaluation. The comparison was made deliberately
unfavourable: the reference was placed on the plant’s equilibrium
manifold, so that no metric rewards chasing an unattainable level,
and the baseline was given a 120s horizon spanning the inverse
response. Under those conditions the optimizer retains a clear
actuator-smoothness advantage (1.6-3.6Xx lower total variation),
which is reported as a cost of the architecture rather than argued
away. Against the RBF baseline sharing its adaptation harness,
control performance was statistically indistinguishable on every
level and both pumps. The distilled basis is therefore credited
with what it alone supplies — an explicit, auditable control law

16 0of 18

International Journal of Adaptive Control and Signal Processing, 2026



evaluable in bounded time — rather than with a performance
edge the data does not support. Under a single-realization step
disturbance, LCA-RLS-KAN preserved subsystem coherence and
restored cross-coupled trajectories more effectively within the
observed horizon.

Overall, the proposed framework combines lightweight adap-
tive control structure with interpretable nonlinear symbolic dis-
tillation via Kolmogorov-Arnold Networks (KANs), yielding a
verifiable and computationally efficient regressor-based control
law suitable for constrained embedded systems — interpretable
in the structural sense that its basis is fixed and explicit, so
that the deployed law remains a readable polynomial throughout
adaptation.
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